How do protons and neutrons bind to form nuclei? This is the central question of ab initio nuclear structure theory. While the answer may seem as simple as the fact that nuclear forces are attractive, the full story is more complex and interesting. In this work we present numerical evidence from ab initio lattice simulations showing that nature is near a quantum phase transition, a zero-temperature transition driven by quantum fluctuations. Using lattice effective field theory, we perform Monte Carlo simulations for systems with up to twenty nucleons. For even and equal numbers of protons and neutrons, we discover a first-order transition at zero temperature from a Bose-condensed gas of alpha particles ( 4 He nuclei) to a nuclear liquid. Whether one has an alpha-particle gas or nuclear liquid is determined by the strength of the alpha-alpha interactions, and we show that the alphaalpha interactions depend on the strength and locality of the nucleon-nucleon interactions. This insight should be useful in improving calculations of nuclear structure and important astrophysical reactions involving alpha capture on nuclei. Our findings also provide a tool to probe the structure of alpha cluster states such as the Hoyle state [1] [2] [3] [4] [5] [6] responsible for the production of carbon in red giant stars and point to a connection between nuclear states and the universal physics of bosons at large scattering length [7, 8] .
How do protons and neutrons bind to form nuclei? This is the central question of ab initio nuclear structure theory. While the answer may seem as simple as the fact that nuclear forces are attractive, the full story is more complex and interesting. In this work we present numerical evidence from ab initio lattice simulations showing that nature is near a quantum phase transition, a zero-temperature transition driven by quantum fluctuations. Using lattice effective field theory, we perform Monte Carlo simulations for systems with up to twenty nucleons. For even and equal numbers of protons and neutrons, we discover a first-order transition at zero temperature from a Bose-condensed gas of alpha particles ( 4 He nuclei) to a nuclear liquid. Whether one has an alpha-particle gas or nuclear liquid is determined by the strength of the alpha-alpha interactions, and we show that the alphaalpha interactions depend on the strength and locality of the nucleon-nucleon interactions. This insight should be useful in improving calculations of nuclear structure and important astrophysical reactions involving alpha capture on nuclei. Our findings also provide a tool to probe the structure of alpha cluster states such as the Hoyle state [1] [2] [3] [4] [5] [6] responsible for the production of carbon in red giant stars and point to a connection between nuclear states and the universal physics of bosons at large scattering length [7, 8] . There have been significant recent advances in ab initio nuclear structure theory using a variety of different methods [9] [10] [11] [12] [13] [14] [15] . Much of the progress has been driven by computational advances, but we also have a better conceptual understanding of how nuclear forces impact nuclear structure. A key tool in making this connection is chiral effective field theory, which organizes the low-energy nuclear interactions of protons and neutrons according to powers of momenta and factors of the pion mass. The most important interactions are included at leading order (LO), the next largest contributions appear at next-to-leading order (NLO), and then next-to-next-to-leading order (NNLO) and so on. See Ref. [16] for a recent review of chiral effective field theory. While the progress in ab initio nuclear theory has been impressive, there are gaps in our understanding of the connection between nuclear forces and nuclear structure. In this letter we discover an unexpected twist in the story of how nucleons self-assemble into nuclei. In order to make our calculations transparent and reproducible by others, we remove all non-essential complications from our discussion. For this purpose, we present lattice Monte Carlo simulation results using lattice interactions at LO in chiral effective field theory, together with Coulomb interactions between protons. In the lattice calculations discussed here we use a spatial lattice spacing of 1.97 fm and time lattice spacing of 1.32 fm. We are using natural units where the reduced Planck constant and the speed of light c equal 1.
Our starting point is two lattice interactions A and B at leading order in chiral effective field theory which are by design similar to each other and tuned to experimental low-energy nucleon-nucleon scattering phase shifts. The details of these interactions and scattering phase shifts are presented in Supplemental Materials at [URL will be inserted by publisher], but we note some important points here. The interactions appear at LO in chiral effective field theory and consist of short-range interactions as well as the potential energy due to the exchange of a pion. As the short-range interactions are not truly point-like, they are actually what we call improved LO interactions. We write the nucleonnucleon interactions as V A (r , r) and V B (r , r), where r is the spatial separation of the two incoming nucleons and r is the spatial separation of the two outgoing nucleons. The short-range interactions in V A (r , r) consist of nonlocal terms, which means that r and r are in general different. In contrast, the short-range interactions in V B (r , r) include nonlocal terms and also local terms where r and r are fixed to be equal. The main difference between interactions A and B is the degree of locality of the short-range interactions. Another difference is that there are extra parameters contained in interaction B, and these are used to reproduce S-wave scattering for two alpha particles. We have used auxiliary-field Monte Carlo simulations to calculate nuclear ground state energies. In Table I we present the ground state energies of 3 H, 3 He, 4 He, 8 Be, 12 C, 16 O, 20 Ne for interactions A and B. While we use the notation meant for bound nuclei, in some cases the nuclear ground state is an unbound continuum state in our finite periodic box. We do not stabilize against decay to alpha particles. In fact, for the case of interaction A, all of the ground states in Table 1 are multi-alpha states. Details about the size of the box and the initial states used in the Monte Carlo simulations are provided in Supplemental Materials at [URL will be inserted by publisher]. The nuclei 4 He, 8 Be, 12 C, 16 O, 20 Ne are alpha-like nuclei with even and equal numbers of protons and neutrons. We show results at leading order (LO) and leading order with Coulomb interactions between protons (LO + Coulomb), as well as the comparison with experimental data. All energies are in units of MeV. The lattice volume is taken large enough so that the finite-volume energy correction is less than 1% in relative error. The LO + Coulomb results for interaction B are in good agreement with experimental results, better overall than the NNLO results in Ref. [11] . However there is significant underbinding for interaction A with increasing nucleon number. For interaction A, it is illuminating to compute the ratio of the LO energy for each of the alpha-like nuclei to that of the alpha particle. For 8 Be the ratio is 1.997(6), for 12 C the ratio is 3.00(1), for 16 O it is 4.00 (2) , and for 20 Ne we have 5.03(3). These simple integer ratios indicate that the ground state for interaction A in each case is a weakly-interacting Bose gas of alpha particles. This interpretation is also confirmed by calculations of two-nucleon spatial correlations and local four-nucleon correlations.
To understand how interactions A and B can produce such completely different physics, we show their alpha-alpha S-wave phase shifts in Fig. 1 . The LO results for interaction A are shown with green triangles, LO + Coulomb results for A are orange diamonds, LO results for B are blue circles, and LO + Coulomb results for B are red squares. The experimental data are shown with black asterisks [17] . The phase shifts are computed using auxiliary-field Monte Carlo simulations and a technique called the adiabatic projection method [18] . Interaction B was tuned to the nucleonnucleon phase shifts and the alpha-alpha S-wave phase shifts, and so the agreement with experimental data is very good. However the phase shifts for interaction A are small and even negative at larger energies. This would explain the large differences between interactions A and B for the energies of the larger alpha-like nuclei in Table I .
What we have discovered is that alpha-alpha scattering is very sensitive to the degree of locality of the nucleonnucleon lattice interactions. In Supplemental Materials at [URL will be inserted by publisher] we show that this dependence on degree of locality is due to the compactness of the alpha-particle wave function. In contrast, the nucleonnucleon scattering phase shifts make no constraint on the degree of locality of the nucleon-nucleon interactions. For example, if one starts with a purely local interaction, a unitary transformation can be used to define a new interaction which is highly nonlocal but having exactly the same phase shifts. The differences only become apparent in systems with more than two nucleons and can be understood as arising from three-body and higher-body interactions [19, 20] . Interaction A is a perfectly valid starting point for describing nucleon-nucleon interactions. However, substantial higher-nucleon interactions will be needed to rectify the missing strength of the alpha-alpha interactions and the additional binding energy in nuclei.
The results we have found here suggests a strategy for improving future ab initio nuclear structure and reaction calculations by incorporating low-energy light-nucleus scattering data in addition to nucleon-nucleon scattering data. This would be especially important for accurate calculations of key alpha capture reactions relevant to astrophysics such as alpha capture on 12 C [21] . One can view the extra step of fixing the degree of locality of the nucleon-nucleon interaction as preemptively reducing the importance of the required three-body and higher-body interactions. It is similar in spirit to other approaches that use nuclear structure and many-body observables to help determine the nucleon-nucleon interactions [15, 22, 23] .
Since alpha-alpha scattering is a difficult and computationally-intensive ab initio calculation, it is useful to discuss a simple qualitative picture of the alpha-alpha interaction in a tight-binding approximation. For any nucleon-nucleon FIG. 1: Alpha-alpha S-wave scattering. We plot S-wave phase shifts δ0 for alpha-alpha scattering for interactions A and B versus laboratory energy. We show LO results for interaction A (green triangles), LO + Coulomb for A (orange diamonds), LO results for B (blue circles), and LO + Coulomb results for B (red squares). The phase shift analysis of experimental data are shown with black asterisks [17] . The theoretical error bars indicate one standard deviation uncertainty due to Monte Carlo errors and the extrapolation to infinite number of time steps. interaction V (r , r), we define the tight-binding potential, V TB (r), as the contribution that V (r , r) makes to the effective interaction between alpha particles in the tight-binding approximation where the alpha particle radius R α is treated as a small but non-vanishing length scale. In this simple approximation the interaction V (r , r) contributes to the effective alpha-alpha interaction only in two possible ways. The first is what we call the direct term where |r − r| R α , and the second is the exchange term where |r + r| R α . All other terms are forbidden because the interaction is moving the nucleons to locations where there are no alpha particles. For the LO lattice interactions we consider here at lattice spacing 1.97 fm, we do not attempt to resolve the different microscopic mechanisms that can contribute to V TB (r). However calculations at smaller lattice spacings would find that the two-pion exchange interaction is responsible for a large attractive tight-binding potential at NNLO [16] . This observation connects well with the work of Ref. [24] , which considered the role of the two-pion exchange interaction in an effective field theory where alpha particles are treated as fundamental objects.
In Fig. 2 we show the tight-binding potential for the LO lattice interactions for A and B. For our lattice calculations where space is discrete, we find that R α is less than one lattice spacing and so the dependence on R α drops out. We see that interaction A has a very small tight-binding potential. This is consistent with the weak alpha-alpha S-wave interactions found in Fig. 1 . In contrast, interaction B has a stronger attractive tight-binding potential resulting from its short-range spin-isospin-independent local interaction. For comparison we also show in Fig. 2 the tight-binding potential for the leading-order interaction used in prior lattice calculations, which we call interaction C [11, 18] .
In order to discuss the many-body limit, we switch off the Coulomb interactions and define a one-parameter family of interactions, V λ = (1 − λ)V A + λV B . While the properties of the two, three, and four nucleon systems vary only slightly with λ, the many-body ground state of V λ undergoes a quantum phase transition from a Bose-condensed gas to a nuclear liquid.
We sketch the zero temperature phase diagram in Fig. 3 . The phase transition occurs when the alpha-alpha Swave scattering length a αα crosses zero, and the Bose gas collapses due to the attractive interactions [25, 26] . At slightly larger λ, finite alpha-like nuclei also become bound, starting with the largest nuclei first. The last alpha-like nucleus to be bound is 8 Be at the so-called unitarity point where |a αα | = ∞. Superimposed on the phase diagram, we have sketched the alpha-like nuclear ground state energies E A for A nucleons up to A = 20 relative to the corresponding multi-alpha threshold E α A/4. Empirically we find that the quantum phase transition occurs at the point λ ∞ = 0.0(1). The uncertainty of ±0.1 is due to the energy levels having a slow dependence on λ near λ = 0.0. Since any V λ represents a seemingly reasonable starting point for the effective field theory at LO, one may end up crossing the phase transition when considering higher-order effects beyond LO. It is in this sense that we say nature is near a quantum phase transition.
The critical point for the binding of 
Tight-binding potential. We plot the tight-binding potential versus radial distance for the LO interactions for A, B, and C, where C is the interaction used in several previous lattice calculations [11, 18] . Interaction A is shown with blue squares and solid line, B is drawn with red crosses and dashed line, and C is presented with orange circles and short-dashed line.
for 12 C, and λ 8 = 0.7(1) for 8 Be. One finds a sudden change in the nucleon-nucleon density correlations at long distances as λ crosses the critical point, going from a continuum state to a self-bound system. As λ increases further beyond this critical value, the nucleus becomes more tightly bound, gradually losing its alpha cluster substructure and becoming more like a nuclear liquid droplet. The quantum phase transition at λ ∞ = 0.0(1) is the corresponding phenomenon in the many-body system, a first-order phase transition occurring for infinite matter. We show a first-order quantum phase transition from a Bose gas to nuclear liquid at the point where the scattering length aαα crosses zero. We have also plotted the alpha-like nuclear ground state energies EA for A nucleons up to A = 20 relative to the corresponding multi-alpha threshold EαA/4. The last alpha-like nucleus to be bound is 8 Be at the unitarity point where |aαα| = ∞.
Alpha gas Nuclear liquid
By adjusting λ in ab initio calculations, we have a new tool for studying alpha cluster states such as the Hoyle state of 12 C and possible rotational excitations of the Hoyle state [1] [2] [3] [4] [5] [6] . By tuning λ to the unitarity point |a αα | = ∞, we can continuously connect the Hoyle state wave function without Coulomb interactions to a universal Efimov trimer [7, 8, 27 ]. An Efimov trimer is one of an infinite tower of three-body states for bosons in the large scattering-length limit, with intriguing mathematical properties such as fractal-like discrete scale invariance. Another interesting system is the second 0 + state of 16 O [28] , which should be continuously connected to a universal Efimov tetramer [27, 29, 30] . This connection to Efimov states is now being investigated in follow-up work. The ability to tune the energies of alpha cluster states relative to alpha-separation thresholds provides a new window on wave functions and rotational excitations of alpha cluster states. By studying the λ-dependence of nuclear energy levels one can also identify the underlying cluster substructure. For example, the energy of a nuclear state which is a weakly-bound collection of four alpha clusters will track closely with the four-alpha threshold 4E4 He as a function of λ, while a state which is comprised of 12 C and 4 He clusters will track more closely with E12 C + E4 He . Such an analysis may provide a new theoretical foundation for understanding clustering in nuclei and complement existing work on clustering in the literature [31] [32] [33] [34] [35] [36] , thereby strengthening the theoretical motivation for experimental searches of alpha cluster states in alpha-like nuclei.
Supplemental Materials Lattice interactions
For our LO lattice calculations we use a spatial lattice spacing a = (100 MeV) −1 = 1.97 fm and time lattice step a t = (150 MeV) −1 = 1.32 fm. Our axial-vector coupling constant is g A = 1.29 as derived from the GoldbergerTreiman relation, the pion decay constant is f π = 92.2 MeV, and the pion mass is M π = M π 0 = 134.98 MeV. For the nucleon mass we use m = 938.92 MeV, and the electromagnetic fine structure constant is α EM = (137.04) −1 . We don't consider any isospin-breaking terms other than the Coulomb interaction in these LO calculations. We use σ S with S = 1, 2, 3 for the Pauli matrices acting upon spin, and τ I with I = 1, 2, 3 for the Pauli matrices acting upon isospin. We will use lattice units where the quantities are multiplied by the appropriate power of the spatial lattice spacing a to make the combination dimensionless. We write α t for the ratio a t /a. We use the notation n n to denote the summation over nearest-neighbor lattice sites of n. We write n n i to indicate the sum over nearest-neighbor lattice sites of n along the i th spatial axis. Similarly, we define n n i as the sum over next-to-nearest-neighbor lattice sites of n along the i th axis and n n i as the sum over next-to-next-to-nearest-neighbor lattice sites of n along the i th axis. Our lattice geometry is chosen to be an L 3 periodic lattice, and so the summations over n are defined using periodic boundary conditions.
For each lattice site n on our lattice and real parameter s NL , we define nonlocal annihilation and creation operators for each spin and isospin component of the nucleon,
For spin indices S = 1, 2, 3, and isospin indices I = 1, 2, 3, we define point-like densities,
For spin indices S = 1, 2, 3, and isospin indices I = 1, 2, 3, we also define smeared nonlocal densities,
and smeared local densities for real parameter s L ,
The nonlocal short-range interactions are written as
:
while the local short-range interactions are
The :: symbol indicates normal ordering, where the annihilation operators are on the right-hand side and the creation operators are on the left-hand side. As described in previous work [37] , we take special combinations of the four local short-range operator coefficients so that the interaction in odd partial waves vanish completely. For our work here, we also make the strength of the local short-range interactions equal in the two S-wave channels. As a result, we have only one independent coefficient, c
In future work it may be useful to consider relaxing this condition.
The one-pion exchange interaction has the form
where f S S is defined as
and each lattice momentum component q S is an integer multiplied by 2π/L. The parameter b π is included to remove short-distance lattice artifacts in the one-pion exchange interaction. It results in better preservation of rotational symmetry and will be especially useful at smaller lattice spacings [38] . The Coulomb interaction can be written as
where d(n − n) is the shortest length of n − n as measured on the periodic lattice, and we define the value of d at the origin to be 1 2 . Our notation ρ I=3 refers to the I = 3 isospin component of ρ I . We use a free lattice Hamiltonian [37] of the form,
For interaction A at LO, the lattice Hamiltonian is
with s NL = 0.07700, c NL = −0.2268, c I,NL = 0.02184, and b π = 0.7000. These parameters are determined by fitting to the low-energy nucleon-nucleon phase shifts and the observed deuteron energy. For the corresponding LO + Coulomb interactions, we simply add V Coulomb to H A . For interaction B at LO, we have
with s NL = 0.07700, s L = 0.8100, c NL = −0.1171, c I,NL = 0.02607, c L = −0.01013, and b π = 0.7000. For the corresponding LO + Coulomb interactions, we simply add V Coulomb to H B . These parameters are determined by fitting to the low-energy nucleon-nucleon phase shifts, the observed deuteron energy, and the low-energy alpha-alpha S-wave phase shifts. We should clarify that the 4 He energy is not used to fit the parameters of interactions A and B. However we do observe a strong correlation between the alpha-alpha S-wave phase shifts and the shape of the 4 He wave function tail. This has the resulting effect of driving the 4 He energy close to the physical value when we tune the parameters of interaction B to the alpha-alpha S-wave phase shifts. The parameters of interaction A are determined by starting from the parameters of interaction B, setting the local short-range interactions to zero, and then tuning the coefficients of the nonlocal short-range interactions to the nucleon-nucleon phase shifts and deuteron energy.
Nucleon-nucleon scattering
We use the spherical wall method to calculate lattice phase shifts [39, 40] . We use the improvements recently introduced in Ref. [41] . Let |n ⊗ |S z be the two-nucleon scattering state with lattice separation vector n and z-component of total intrinsic spin S z . We define radial coordinates on the lattice by grouping together lattice mesh points with the same radial distance to define radial position states and project onto states with total angular momentum J, J z in the continuum limit. Using spherical harmonics Y , z with orbital angular momentum , z and Clebsch-Gordan coefficients C J,Jz , z ,S,Sz , we define
where δ r,|n| is a Kronecker delta function that selects lattice points where |n| = r. This angular momentum projection allows us to calculate partial-wave phase shifts on the lattice as in Ref. [41] .
As described in Ref. [41] , we impose a hard spherical wall boundary at some large radius R W and a smooth auxiliary Gaussian potential in front of the wall, which we call V aux (r). For our calculations here we use R W = 15.02 lattice units. The auxiliary potential has the form
with adjustable coefficient V 0 that is used to probe different values of the scattering energy. The auxiliary potential is non-negligible only when r is a few lattice units away the wall at R W . We determine the asymptotic phase shifts from the radial wave function at points where r is large but V aux (r) is negligible. For coupled partial waves such as the 3 s 1 − 3 d 1 channel, we determine the two phase shifts and mixing angle using an additional auxiliary potential U aux (r) with the same functional form as V aux (r), but with imaginary Hermitian off-diagonal couplings between the two partial waves,
This complex-valued auxiliary potential breaks time-reversal invariance and allows us to extract information about the two independent phase shifts and mixing angle from the real and imaginary parts of the complex-valued wave functions.
In Fig. 4 we show LO lattice phase shifts for proton-neutron scattering versus the center-of-mass relative momentum for interactions A (red triangles) and B (blue squares). For comparison we also plot the phase shifts extracted from the Nijmegen partial wave analysis [42] (black lines) and a continuum version of interaction A (green dashed lines). In the first row, the data in panels a, b, c, d correspond to 1 S 0 , 3 S 1 , 1 P 1 , 3 P 0 respectively. In the second row, panels e, f, g, h correspond to
In the third row, panels i, j, k, l correspond to 3 D 2 , 3 D 3 , ε 1 , ε 2 respectively. The level of agreement with the experimental phase shifts for interactions A and B is typical for LO chiral effective field theory at our cutoff momentum of π/a ≈ 314 MeV. The agreement would be somewhat better if we were to use a smaller value of the smearing parameter b π in the one-pion exchange potential. However, we prefer the higher value of b π to reduce sign oscillations in the Monte Carlo lattice simulations. The LO interactions are more than sufficient to illustrate the ideas of this work but not sufficient for precision calculations. For precision calculations, this would be just the first step in the chiral effective field theory expansion, and the phase shifts would be systematically improved at each higher order, NLO, NNLO, and so on.
We note the good agreement between the continuum results in green dashed lines and lattice interaction A results. This is a good indication that we have successfully reduced lattice artifacts from the calculations and was part of the motivation for introducing the parameter b π . The nonlocal smeared interaction V NL makes a non-negligible contribution to the S-wave interactions only. Furthermore, the local smeared interaction V L makes a nonzero contribution to only the even partial waves (S, D, · · · ). Hence the interactions A and B are exactly the same in all odd partial waves. We see that the S-wave interactions for interactions A and B are also quite similar, though the 1 S 0 partial wave scattering is somewhat more attractive for interaction A. On the other hand, the D-wave partial waves are more attractive for interaction B . FIG. 4 : Nucleon-nucleon scattering phase shifts. We plot LO lattice phase shifts for proton-neutron scattering versus the center-of-mass relative momentum for interactions A (red triangles) and B (blue squares). For comparison we also plot the phase shifts extracted from the Nijmegen partial wave analysis [42] (black lines) and a continuum version of interaction A (green dashed lines). In the first row, the data in panels a, b, c, d correspond to 1 S0, 3 S1, 1 P1, 3 P0 respectively. In the second row, panels e, f, g, h correspond to 3 P1, 3 P2, 1 D2, 3 D1 respectively. In the third row, panels i, j, k, l correspond to 3 D2, 3 D3, ε1, ε2 respectively. In these lattice simulations we work with the Euclidean time transfer matrix M , which is defined as the normalordered exponential of the lattice Hamiltonian H over one time lattice step,
We consider some initial state |Ψ i and final state |Ψ f that have nonzero overlap with the ground state of interest. By applying successive powers of M upon |Ψ i , the excited states decay away, and we can project out only the ground state. We calculate projection amplitudes of the form
By calculating the ratio
for large L t we can determine the ground state energy. In order to calculate first-order corrections to the ground state energy due to an additional term ∆H in the Hamiltonian, we also calculate the projection amplitude
for odd L t , where
The corrections due to H Coulomb are computed in this manner. In most cases it is advantageous to first prepare the initial state using a simpler transfer matrix M * which is an approximation to M . We choose M * to be invariant under Wigner's SU(4) symmetry [43] where the four spin-isospin combinations of the nucleon transform into one another. The SU(4) symmetry eliminates sign oscillations from auxiliary-field Monte Carlo simulations of M * [44, 45] . M * has the same form as M, but the coefficients of operators that violate SU(4) symmetry are turned off. We use M * as an approximate low-energy filter by multiplying the initial and final states by M * for some fixed number of times, L t ,
We use auxiliary fields to generate the interactions contained in our lattice Hamiltonian. The auxiliary field method can be understood as a Gaussian integral formula which relates the exponential of the two-particle density, ρ 2 , to the integral of the exponential of the one-particle density, ρ,
The normal ordering symbol :: ensures that the operator products of the creation and annihilation operators are treated as though classical anticommuting Grassmann variables [46] . We use this integral identity to introduce auxiliary fields defined over every lattice point in space and time [47] [48] [49] . As we will see shortly, the pion fields are treated in a manner similar to the auxiliary fields. Each nucleon is independent of the other nucleons and interacts only with the auxiliary and pion fields. If the initial and final states are an antisymmetric tensor product of A single nucleon states, then the projection amplitude for any configuration of auxiliary and pion fields is proportional to the determinant of an A × A matrix Z jk . The matrix entries of Z jk are single nucleon amplitudes for a nucleon starting at state k and ending at state j.
We couple auxiliary fields s to ρ NL and s I to ρ I,NL for the nonlocal interactions in V NL . The terms linear in the auxiliary fields are
and the terms quadratic field in the auxiliary fields are
We also couple auxiliary fields u to ρ L , u S to ρ S,L , u I to ρ I,L , and u S,I to ρ S,I,L , for the local interactions in V L ,
For the one-pion exchange interaction we couple the gradient of the pion field π I to the point-like density ρ S,I ,
where f π S and f ππ are defined as
Then the transfer matrices for the LO interactions can be written in following manner. For interaction A we have
where Ds is the path integral measure for s and s I , and Dπ is the path integral measure for π I . For interaction B we find
where Du is the path integral measure for u, u S , u I , and u S,I . See Ref. [46] for details on the Monte Carlo importance sampling algorithms used to calculate the path integrals over the auxiliary and pion fields. When computing the energy from ratios of amplitudes
, previous studies have used importance sampling according to the importance function
In this work we sample according to a linear combination x|A f i (L t − 1)| + (1 − x)|A f i (L t )| where 0 < x < 1. This greatly reduces the stochastic noise because the contributions to A f i (L t − 1) and A f i (L t ) from any individual configuration are now bounded above in magnitude,
Ground state energies of nuclei
We let a † ↑,p (n), a † ↓,p (n), a † ↑,n (n), and a † ↓,n (n) be the creation operators for a spin-up proton, spin-down proton, spin-up neutron, and spin-down neutron. We writeã † ↑,p (0),ã † ↓,p (0),ã † ↑,n (0), andã † ↓,n (0) for the corresponding zeromomentum creation operators. We also write ã † as shorthand for the product
For the ground state energy calculations of 3 H and 3 He we use a lattice volume of (16 fm) 3 . The initial states we choose are
with α = 2 in lattice units. In panel a of Fig. 5 we show the energy versus projection time t = L t a t for 3 He for the LO interaction A (blue plus signs and dashed lines), LO interaction B (red squares and dashed lines), LO + Coulomb interaction A (blue crosses and solid lines), and LO + Coulomb interaction B (red triangles and solid lines). As we are not including isospin-breaking effects other than Coulomb interactions, the LO and LO + Coulomb results for 3 H are exactly the same as the LO results for 3 He. The error bars indicate one standard deviation errors due to the stochastic noise of the Monte Carlo simulations. The lines are extrapolations to infinite projection time using the ansatz,
where E 0 is the ground state energy that we wish to determine. The results for the ground state energies are shown in Table 1 . For the ground state energy calculations of 4 He we use a lattice volume of (12 fm) 3 . The initial state we choose is Table 1 .
We note that while that the 3 H energies for interactions A and B are underbound, the energies for 4 He are near the physical value. This may seem puzzling since in continuum-space calculations there is a well-known universal correlation between the 3 H and 4 He energies called the Tjon line [50] [51] [52] . Our lattice results show some deviation from this universal behavior due to lattice artifacts associated with our lattice spacing of 1.97 fm. This is not a new observation. The same behavior has been analyzed previously at the same lattice spacing but with a different lattice interaction [37, 53] . In order to match the physical 3 H and 4 He energies at the same time, higher-order short-range three-nucleon interactions at N 4 LO and possibly the leading-order short-range four-nucleon interaction at N 5 LO are needed. However a much simpler solution is to use a smaller lattice spacing, as these lattice deviations from the continuum-space Tjon line decrease very rapidly with the lattice spacing.
For the ground state energy calculations of 8 Be, 12 C, 16 O, and 20 Ne we use a lattice volume of (12 fm) 3 . The initial states we use are
The interspersing of the transfer matrix M * in between the products of creation operators allows us to create all nucleons with zero momentum without violating the Pauli exclusion principle. In panels a, b, c, d of Fig. 6 we show the energy versus projection time t = L t a t for 8 Be, Table 1 . For both interactions A and B, the auxiliary-field Monte Carlo simulations presented here have far milder Monte Carlo sign cancellations than in previous lattice simulations of the same systems [11] . This very promising development will allow for much larger and previously difficult simulations in the future. The savings come from two innovations. The first is the introduction of the nonlocal interactions in V NL . Ironically, the implementation of general nonlocal interactions in quantum Monte Carlo simulations have long been problematic due to sign oscillations. However, the auxiliary-field implementation of the interactions in V NL are extremely favorable from the point of view of sign oscillations. The reason for this is the very simple structure of the terms in V NL . This leads to fewer issues with so-called interference sign problems as discussed in Ref. [54] . The other innovation reducing the sign problem is the introduction of the parameter b π in the one-pion exchange interaction. This decreases the short-distance repulsion in the S-wave channels responsible for some sign oscillations.
Adiabatic projection method
The adiabatic projection method is a general framework that produces a low-energy effective theory for clusters of particles which becomes exact in the limit of large projection time. The details of the methods used here were discussed in Ref. [18] , and we review some of the main features here. On our L 3 periodic spatial lattice we consider a set of initial two-alpha states |R labeled by the spatial separation vector R. For the alpha-alpha scattering calculations presented here we use L = 16 fm. The initial alpha wave functions are Gaussian wave packets which, for large |R|, factorize as a product of two individual alpha clusters,
The summation over r is required to produce states with total momentum equal to zero. As we have done in Eq. (23) for nucleon-nucleon scattering, we project onto spherical harmonics Y , z with angular momentum quantum numbers , z ,
We only consider values for |R| less than L/2. The next step is to multiply by powers of the transfer matrix to form dressed cluster states that approximately span the set of low-energy alpha-alpha scattering states in our periodic box. We start with the approximate transfer matrix M * as in Eq. (30) , and then follow with powers of the leading-order transfer matrix M . After n t time steps, we have the dressed cluster states
The dressed cluster states are then used to compute matrix elements of the transfer matrix M ,
Since the states are not orthogonal, we compute a norm matrix
The radial adiabatic transfer matrix is defined as the matrix product,
Just as we have done for nucleon-nucleon scattering, we impose a spherical hard wall boundary at some radius R W . For large n t the standing waves of the radial adiabatic transfer matrix are used to determine the elastic phase shifts for alpha-alpha scattering. As explained in Ref. [18] , this scattering calculation is extended out to very large volumes of L 3 = (120 fm) 3 using single alpha-particle simulations and including long-range Coulomb interactions between the otherwise non-interacting alpha particles at large distances.
In Fig. 7 we plot the LO + Coulomb S-wave phase shifts for interaction A at several laboratory energies versus the number of time steps L t = 2n t + 1. The analogous LO + Coulomb S-wave phase shifts for interaction B are shown in Fig. 8 . For both of these figures, the panels a, b, c, d, e, f, g correspond to laboratory energies E Lab = 1.0, 2.0, 3.0, 4.5, 6.5, 8.5, 10.0 MeV respectively. The error bars indicate one standard deviation uncertainties due to Monte Carlo errors, and the dot-dashed lines show the extrapolation curve for the L t → ∞ limit. We use the ansatz
where δ 0 (E) is the extrapolated phase shift. The hatched regions in Fig. 7 and 8 show the one standard deviation error estimate of the extrapolation.
Tight-binding approximation and potential
The tight-binding approximation is a simple qualitative picture where the alpha particle is treated as a compact object with a small but nonzero radius, R α . As the name suggests, it is conceptually similar to the tight-binding model of electronic structure commonly used in condensed matter physics. Here we provide some further details of the direct and exchange terms in the calculation of the tight-binding potential between two alpha clusters. Let us consider a nucleon-nucleon interaction in continuous space of the form
s4,i4;s3,i3 (r , r)a † s3,i3 (R − r /2)a † s4,i4 (R + r /2)a s2,i2 (R + r/2)a s1,i1 (R − r/2).
The indices s 1 , s 2 , s 3 , s 4 correspond to spin, while i 1 , i 2 , i 3 , i 4 correspond to isospin. For r > R α , the tight-binding potential V TB (r) can be divided into two contributions,
where the direct term is 
and the exchange term is 
Ground state energies as a function of λ
We consider the one-parameter family of interactions, V λ = (1−λ)V A +λV B with the Coulomb interactions switched off. At the phase transition point the alpha clusters become non-interacting in the dilute limit, and so we should find the following simple relationship among the ground state energies provided that the finite volume is sufficiently large: E4 He = 1/2 E8 Be = 1/3 E12 C = 1/4 E16 O = 1/5 E20 Ne .
In Fig. 9 we plot the LO ground state energies E4 He , 1/2 E8 Be , 1/3 E12 C , 1/4 E16 O , 1/5 E20 Ne versus λ. We see that the phase transition occurs at λ ∞ = 0.0(1).
FIG. 9:
Ground state energies versus λ. We plot the LO ground state energies E4 He , 1/2 E8 Be , 1/3 E12 C , 1/4 E16 O , 1/5 E20 Ne versus the parameter λ which interpolates between VA and VB. To determine the critical point λ 20 when 20 Ne becomes bound, we compare E20 Ne with the threshold energy E16 O + E4 He . For this analysis we also include the finite-volume energy one obtains at infinite S-wave scattering length for the 16 O + 4 He system. At infinite scattering length the energy of any two-body system with reduced mass µ in a periodic box of size L is [55, 56] 
